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Abstract 
 
The classical method (Mosteller, 1951) for estimating Thurstone's Case V 
model for ranking data consists in a) transforming the observed ranking 
patterns to patterns of binary paired comparisons, b) obtaining the normal 
deviate corresponding to the men of each binary variable, and c) estimate 
the model parameters from these deviates by least squares. However, 
classical procedures do not take into account the dependencies among the 
deviates and as a result, asymptotic standard errors (SEs) and goodness of 
fit (GOF) test are incorrect.  
We provide formulae that provide correct asymptotic SEs and GOF in this 
situation. A small simulation study shows that adequate standard errors and 
goodness of fit tests can be obtained with rather small sample sizes even in 
very large models. 
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1. Introduction 
 To model ranking data, Thurstone (1931) proposed transforming the observed ranking 
patterns to patterns of binary paired comparisons and fitting his paired comparisons model 
(Thurstone, 1927) to the transformed data. The classical method for estimating this model 
(Mosteller, 1951a; Torgerson, 1958) consists in obtaining the normal deviate corresponding 
to each paired comparisons mean, and then estimate the model parameters from these 
deviates by least squares. This is a mean structure approach to estimating Thurstone's Case V 
model as it only uses univariate information (the means) from the paired comparisons. Most 
Thurstonian models for paired comparisons and ranking data are not identified when 
estimated as a mean structure. Estimating them as a mean structure requires introducing 
unnecessary identification restrictions on the models. The most notable exception is 
Thurstone's Case V model for ranking data. This model is identified if estimated only from 
the means of the paired comparisons. Here, we provide asymptotically correct standard errors 
and goodness of fit test for this model when it is estimated as a mean structure using the 
classical estimation procedure described. 
 
2. Mean structure estimation of Thurstone’s Case V ranking model  
 Suppose a random sample of N individuals ranks n stimuli according to some 
preference criterion. To transform the rankings to paired comparisons we construct a 
dichotomous variable yl for each ordered pairwise combination of stimuli to indicate which 
stimulus was ranked above the other 

 
1 if   st imulus    is ranked above st imulus   

0 if   st imulus    is ranked below st imulus  l

i i
y

i i

ì ¢ïïï= íï ¢ïïî
, (1) 

where l ≡ (i,i´),(i = 1,...,n - 1; i' = i + 1,..., n). With n stimuli there are ( )1
2 2

n n nn
æ ö -÷ç ÷= =ç ÷ç ÷÷çè ø

%  

paired comparisons.  
 Maydeu-Olivares (1999) showed that the probability of any such binary pattern under 
Thurstone’s model is 

 ( )* *

1
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n

nl
l

y dR
=
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where ( )
n ·f %  denotes a ñ-variate normal density function, and R is a rectangular region with 

limits ( ), if 1l ly¥ =t  and ( ), if 0l ly- ¥ =t . Let τ be a vector obtained by stacking all 

thresholds τl in lexicographic order, Thurstone’s model imposes the following restrictions on 
τ and on the correlation matrix Ρ (Maydeu-Olivares, 1999) 

 nt = - DA µ  ( )n nR S= ¢D A A D . (3) 
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In (3) µ and Σ are the mean vector and covariance matrix of the unobserved preferences 
(discriminal processes) assumed by Thurstone’s model, An is a ñ × n design matrix where 
each column corresponds to one of the stimuli, and each row to one of the paired 

comparisons, and ( )( )
1
2Diag n nS

-
= ¢D A A . 

 Thurstone’s Case V model is a popular restricted form of Thurstone’s general model 
in which it is assumed that 2S = Is . Not all parameters of model (2) subject to the Case V 
restrictions are identified. Given the comparative nature of the data, we need to introduce one 
restriction among the elements of µ. Also, σ2 is not identified. To identify Thurstone's Case V 
ranking model it is convenient to set µn = 0 and σ2 = ½ . With these identification restrictions, 
(3) simplifies to 

 nt = - A µ , (4) 

 1
2 n nR = ¢A A , (5) 

where Ρ is a correlation matrix whose elements, 
ll¢

r , can take the values  ½, -½, or 0.  

 Now, since each of the variables y is binary, their mean is simply ( ): P r 1l ly= =p  
which we shall denote by lp . Under Thurstone’s Case V model,  

 ( ) ( ) ( )* *
1 1: P r 1 : 0,1

l

l l l l ly z dz
¥

= = = =ò
t

p f F - t ,  (6) 

where ( )
1 ·F  denotes a univariate standard normal distribution function. Let π and p denote 

the ñ dimensional vectors obtained by stacking all population means and sample means, 
respectively, in lexicographic order. We observe in (6) that the relation between τ and π is 
one-to-one.  
 Let ( )1 1, , nm -

¢= m m% L  denote the vector of identified parameters in Thurstone’s Case 
V model for ranking data. Then, (4) can be written as t = - K%µ  where, K is a ñ × (n – 1) 
matrix of full column rank obtained by deleting the last column of An. Thus, Thurstone's Case 
V model for ranking data can be estimated as a mean structure model, as the means π of the 
binary variables y suffice to identify this model. The simplest estimation approach for this 
mean structure is (Mosteller, 1951a; Torgerson, 1958) to first estimate each threshold τl 
separately from the sample mean pl using ( )1

1
ˆ

l lp-= -t F  and then estimate the model 
parameters %µ  by least squares as  

 ˆ t̂= - H%µ , ( ) 1-¢ ¢=H K K K . (7) 

We shall next provide asymptotic standard errors for these estimates of %µ , as well as a 
goodness of fit test of the model. 
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3. Standard errors and goodness of fit tests 

 Let ( ): p= -e p . First, we notice that ( ),dN N G®e 0  where d®  denotes convergence 
in distribution. Γ has diagonal elements ( ) ( )Var 1l l l= -N p p p  and off diagonal elements 

( )Cov ,l ll ll l¢ ¢ ¢
= -N p p p p p . Under the model,  

 ( ) ( ) ( ) ( )* * * *
2 2: P r 1 1 , : 0, 0,1,1, , ,

l l

l l l l lll l ll l l ll
y y z z dz dz

¢

¥ ¥

¢ ¢ ¢ ¢ ¢ ¢
é ù= = Ç = = =ê úë û ò ò

t t

p f r F - t - t r ,  

where 
ll¢

r  denotes an element of Ρ in (5). Thus, the sample means p need not be statistically 
independent. 

 We shall now obtain the asymptotic distribution of %̂µ  in (7). Let pD
t

¶=
¢¶

 be a  

diagonal matrix with elements ( )1 : 0,1i- f t . By the multivariate delta theorem, 
( ) 1ˆ aN Nt t D -- = e ,  where a=  denotes asymptotic equality. Coupling this result with (7)  

( ) 1ˆ aN Nm m D -- = - H e% % . Finally, ( ) ( )1 1ˆ ,dN Nm m D GD- - ¢- ® 0 H H% % . Thus, letting 
ˆ ˆ and D G denote ∆ and Γ evaluated at m̂%,  

 ( ) ( )1 1ˆ ˆˆˆSE VecDiag / Nm D GD- - ¢= H H%  (8) 

 To test the goodness of fit of the model, consider the residual vector ( )ˆ ˆ: p= -e p , 

where ( )ˆˆ :p p m= % . By a Taylor expansion, ( ) ( )ˆˆ aN Np p D m m- = - -K % % . Since 

( )ˆ p̂ p= - -e e , ( )1ˆ aN ND D -= +e I KH e . Let now cD%  be an orthogonal complement to 

:D D= K% , that is, cD D = 0% % . Then, ˆ a
c cN ND D=e e% % , and ( )ˆ,d

c c cN ND D GD® ¢e 0% % . Thus,  

 ( ) 1
2

1
ˆ ˆ ˆ ˆˆˆ ˆ d

c c c c n nBT N D D GD D c
-

- +
¢= ®¢ ¢e e %

% % % % . (9) 

Now, partition the ñ × ñ diagonal matrix ∆ as 1

1

n

n n

D
D

D
-

- +

æ ö÷ç ÷ç= ÷ç ÷ç ÷ç ÷è ø

0

0 %

. Then it can be readily 

verified that 

 ( )1
1 1 1 1c n n n n n nD D D -

- + - - - += A I% %
% . (10) 

Then, ˆ
cD%  is simply obtained by evaluating (10) at m̂%.  

 
3. Some numerical results 
 To illustrate the present discussion, we asked 56 Psychology undergraduate students 
to express their preferences using a ranking experiment for the following Psychology career 
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areas {A = Academic, C = Clinical, E = Educational, and I = Industrial}. Their rankings were 
transformed to 6 paired comparisons variables using (1). The proportion of respondents that 
chose the first career in each of the following pairs {{A, C}, {A, E}, {A, I}, {C, E}, 
 {C, I}, {E, I}} was ¢p  = (4, 6, 15, 41, 41, 31)/56. We estimated Thurstone's Case V ranking 
model from these univariate proportions obtaining Tb = 6.03 on 3 d.f., p = 0.11.  
Thus, the model reproduces well these proportions. The estimated mean preferences with 
asymptotic standard errors in parentheses were ˆ

A
m  = -0.80 (0.17), ˆ

Cm  = 0.71 (0.17), and Em̂  = 
0.22 (0.16). The mean preference for an industrial career was fixed to zero for identification 
purposes. Thus, we conclude that the most preferred career path among these Psychology 
undergraduates is in Clinical Psychology, followed by Educational, then Industrial, and 
finally in Academia. Given that the model assumes that 2S = Is , we also conclude from 
these results that the preferences for these career areas may be independent. They need not be 
independent, however, to be consistent with the data. Tsai (2000) showed that there is a set of 
covariance structures on Σ that do not assume that preferences are independent (i.e. where Σ 
is not diagonal) that yield equivalent models to Thurstone's Case V ranking model in the 
sense as providing the same set of probabilities (2).  
 The sample sized used in this example was rather small. Thus, it is of interest to 
investigate whether the standard errors and goodness of fit tests obtained using asymptotic 
theory can be trusted when only small samples are available. To investigate the small sample 
performance of the procedures described in this paper we performed a simulation study. We 
generated 1000 replications with sample size N = 50 from a Thurstone's Case V ranking 
model for n = 10 stimuli. The values used to generate the data were similar to those estimated 
in the numerical example, ( ).8, .7, .2, .8, , .2, 0m¢= - - L , σ2 = ½. The results suggest that 
adequate parameter estimates, standard errors and goodness of fit tests for this model can be 
obtained with as few as 50 observations. The relative bias of the parameter estimates ranged 
from 0% to 4%, and the relative bias of the standard errors ranged from     -3% to 3%. 
Furthermore, with 36 degrees of freedom available for testing, the mean and variance of the 
Tb statistic across replications were 35.8 and 69.3. We also computed a Kolmogorov-
Smirnoff one-sample test to investigate the match of the empirical distribution of the Tb 
statistic to its reference chi-square distribution, obtaining DKS = 0.80 which is less than the 
critical value of 1.35 at the 5% level of significance.  
 

4. Concluding remarks 
 We have introduced formulae for obtaining standard errors and goodness of fit tests 
when Thurstone's Case V model for ranking data (Thurstone, 1931) is estimated using the 
classical least squares procedure for paired comparisons data (Mosteller, 1951a; Torgerson, 
1958). Our proposed test statistic is analogous to a statistic proposed by Browne (1984) in the 
context of covariance structure analysis. The classical least squares estimation procedure is a 
computationally very attractive procedure to estimate Thurstone's Case V ranking model. Our 
small simulation study reveals that adequate parameter estimates, standard errors and 
goodness of fit tests can be obtained for large models with very few observations.  
Mosteller (1951b) introduced a goodness of fit test for this estimation procedure that should 
not be used when the paired comparisons are obtained from ranking patterns. This is because 
Mosteller's test assumes that the paired comparisons are statistically independent, an 
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assumption that is violated in the case of ranking data. When applied to ranking data, 
Mosteller's test is overly optimistic. For instance, the value of Mosteller's test for the 
numerical example presented here is 0.59 on 3 d.f., p = 0.90. Mosteller's test should not be 
applied to paired comparisons data when the individuals respond to all paired comparisons 
(i.e., multiple judgment paired comparisons) as again the paired comparisons are not 
statistically independent.  
 For that matter, the classical estimation procedure described here should not be used 
to estimate Thurstone's Case V model from multiple judgment paired comparisons data as in 
this case σ2 is identified, but it is not identified from univariate information alone. To 
estimate Thurstone's Case V model from multiple judgment paired comparisons data one 
must at least use univariate and bivariate information on the paired comparisons (Maydeu-
Olivares, 2001). Estimation methods for Thurstonian models using univariate and bivariate 
information are available using Mplus (Muthén & Muthén, 2001). For an overview see 
Maydeu-Olivares and Böckenholt (2005). 



IE Working Paper                                    WP06-25                                07/12/2006 

 6

References 
Browne, M.W. (1984). Asymptotically distribution free methods for the analysis of 

covariance structures. British Journal of Mathematical and Statistical Psychology, 37, 
62-83. 

Maydeu-Olivares, A. (1999). Thurstonian modeling of ranking data via mean and covariance 
structure analysis. Psychometrika, 64, 325-340. 

Maydeu-Olivares, A. (2001). Limited information estimation and testing of Thurstonian 
models for paired comparison data under multiple judgment sampling. 
Psychometrika, 66, 209-228. 

Maydeu-Olivares, A. & Böckenholt, U. (2005). Structural equation modeling of paired 
comparisons and ranking data. Psychological Methods, 10, 285-304. 

Mosteller, F. (1951a). Remarks on the method of paired comparisons: I. The least squares 
solution assuming equal standard deviations and equal correlations. Psychometrika, 
16, 3-9. 

Mosteller, F. (1951b). Remarks on the method of paired comparisons: III. A test of 
significance for paired comparisons when equal standard deviations and equal 
correlations are assumed. Psychometrika, 16, 207-218. 

Muthén, L. & Muthén, B. (2001). Mplus. Los Angeles, CA: Muthén & Muthén. 
Torgerson, W.S. (1958). Theory and methods of scaling. New York: Wiley. 
Thurstone, L.L. (1927). A law of comparative judgment. Psychological Review, 79, 281-299. 
Thurstone, L.L. (1931). Rank order as a psychological method. Journal of Experimental 

Psychology, 14, 187-201. 
Tsai, R.-C. (2000). Remarks on the identifiability of Thurstonian ranking models: Case V, 

Case III or neither? Psychometrika, 75, 233-240. 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


